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We report accurate molecular dynamics calculations of the shear stress relaxation in a two-
dimensional strongly coupled Yukawa liquid over a wide range of the Coulomb coupling strength Γ
and the Debye screening parameter κ. Our data on the relaxation times of the ideal- , excess- and
total shear stress auto-correlation (τ idM , τ
ex
M , τM respectively) along with the lifetime of local atomic
connectivity τLC leads us to the following important observation. Below a certain crossover Γc(κ),
τLC → τexM , directly implying that here τLC is the microscopic origin of the relaxation of excess
shear stress unlike the case for ordinary liquids where it is the origin of the relaxation of the total
shear stress. At Γ >> Γc(κ) i.e. in the potential energy dominated regime, τ
ex
M → τM meaning that
τexM can fully account for the elastic or “solid like” behavior.
PACS numbers: 52.27.Lw,51.35.+a,52.65.Yy
The Yukawa liquid is routinely used to model a wide
variety of strongly coupled systems such as laboratory
and astrophysical dusty plasma systems, charged colloids
and liquid metals [1, 2]. The particle interaction potential
used in this liquid has the form φ(r) = Q
2
4pi0r
e
− rλD . Here
Q and λD refer to the particle charge and Debye shielding
distance respectively. The thermodynamic state point of
the Yukawa liquid is completely characterized by two di-
mensionless quantities namely, the screening parameter
κ = aλD and the coupling strength Γ =
Q2
4pi0akBT
. Here
a is the Wigner-Seitz radius such that pia2n = 1 with n
being the areal number density. In a strongly coupled
Yukawa liquid (SCYL), the average Coulomb interaction
energy can exceed the average kinetic energy per parti-
cle thus leading to Γ > 1. A direct consequence of this
is the emergence of solid-like features such as sustain-
ing low frequency shear modes [3] originally predicted in
theoretical works [4, 5] and later realized in laboratory
experiments [6]. This makes SCYL a good model sys-
tem to study a range of collective phenomena in dusty
plasma systems. SCYL’s have also been shown to be
excellent test-beds for modeling hydrodynamic flows [7–
9], self-organization phenomena such as clustering [10]
and lane formation [11] in complex plasmas. A signif-
icant amount of numerical work has also been done on
the viscosity measurements in SCYL using both equi-
librium [12–14] and non-equilibrium molecular dynam-
ics simulations [15, 16] . These studies have confirmed
the existence of a viscosity minimum at some crossover
value Γc(κ). The minimum arises due to the competition
between ideal and the excess part of the stress tensor.
In later works, visco-elasticity was also quantified using
both experiments [17, 18] and numerical simulations [19]
where the crossover frequency for the real and imaginary
parts of the complex viscosity was shown to be empiri-
cally related to the inverse Maxwell time. It was shown
in Ref [19] that this crossover frequency develops a maxi-
mum at some Γc(κ) implying a minimum in the Maxwell
time τM at the same Γc(κ). However, a systematic study
of the microscopic origin of shear relaxation and Maxwell
time in these liquids at various (Γ, κ) values is still lack-
ing. The aim of this letter is to fill this gap and provide
from first principles, an atomistic study that would pro-
vide answers to the following two fundamentally impor-
tant questions: (a) What is the connection between the
microscopic world and the macroscopic shear relaxation
in these SCYL? (b) Is τM the duration of dominant elas-
tic response for these liquids especially at Γ  Γc(κ)?
To address the first question, we have calculated the life-
time of local atomic connectivity τLC [20] and found that
it converges to the relaxation of the excess part of shear
stress auto-correlation τexM at Γ < Γc(κ). Since τLC corre-
sponds to the time duration where the topology of near-
est neighbors remains intact, the fact that τexM → τLC for
Γ < Γc(κ) directly indicates that τ
ex
M is the duration of
dominant elastic response at these temperatures. This
is different from the results reported in Ref [19] where
τLC was shown to converge to τM below the cross-over
temperature for a range of ordinary liquids. It is impor-
tant to note that none of those liquids showed a non-
monotonous behavior in τM with temperature. We also
show that at Γ > Γc(k), τLC deviates from τ
ex
M directly
indicating a crossover from a kinetic regime to potential
energy dominated regime. Our study further shows that
the infinite frequency shear modulus G∞ does not have a
minimum at any temperature as opposed to the viscosity
data which has a well known minimum at Γ = Γc(κ).
In the following we provide the details of our numeri-
cal work and also explain the procedure used to extract
quality data.
Numerical simulations: We have performed molecular
dynamics (MD) simulations on a two-dimensional (2D)
Yukawa liquid in a canonical ensemble under periodic
boundary conditions. All distances are normalized to
Wigner-Seitz radius a, energies are normalized to Q
2
4pi0a
and times are normalized to ω−1pd . Here ωpd is the 2D
nominal plasma frequency given by ωpd =
√
Q2
2pi0ma3
.
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2The simulation box contains 5016 particles at a reduced
number density n = pi−1. The dimensions of rectangu-
lar box were chosen to be 125.705291 × 125.358517 which
allows for the formation of a perfect triangular lattice be-
low the freezing transition. The interaction potential is
truncated smoothly to zero along with its first two deriva-
tives by employing a fifth order polynomial as a switching
function in the range (rm < r < rc) where rm and rc are
the inner and the outer cutoff respectively. We chose
rm and rc subject to the criteria: φ(rm) ≈ 2.27 × 10−6
and φ(rc) ≈ 1.49 × 10−7 thus ensuring negligible per-
turbation to the bare Yukawa potential. A Nose-Hoover
thermostat [21] with a time constant of 1√
2
is employed
to maintain the temperature at a desired Γ. To improve
statistics, we have averaged our data over an ensemble of
3200 independent realizations. This was necessary to re-
duce the fluctuations present in the long time tail of the
stress relaxation function originating from the long range
nature of the interaction potential. We now proceed to
explain the computation of various dynamical quantities
reported in this paper.
The stress relaxation function used in our work is the
auto-correlation of the shear stress tensor and is given as
G(t) =
1
AkBT
〈σxy(t)σxy(0)〉 (1)
with initial value of this auto-correlation giving the infi-
nite frequency shear modulus G∞ = G(0). The angular
brackets here denote the average over the entire ensem-
ble, with A being the area and σxy(t) the microscopic
stress tensor being defined as
σxy(t) =
N∑
i=1
miv
x
i (t)v
y
i (t)−
N∑
i=1
N∑
j>i
xij(t)yij(t)
φ′(rij , t)
rij(t)
(2)
The first term on the right hand side has purely kinetic
origins and is the dominating term at high temperatures
whereas the second term is the excess part and has its ori-
gins in particle interactions. The second term is named
excess as it would be absent in an ideal gas (gas of “hard
spheres”) and arises only in a real gas. Figure 1 shows
the normalized stress relaxation function G(t) of a 2D
Yukawa liquid at various coupling strengths Γ > Γc(κ).
It is clear that at short times, G(t) has a zero slope mean-
ing that liquid response is dominantly elastic. This is
followed by a region of fast decay where both the elas-
tic and viscous effects are comparable. At large times,
G(t) has become much smaller (within statistical noise)
indicating a regime dominated by viscous response and
negligible elastic effects. It is also seen from the figure
that the relaxation time increases with Γ implying that
elastic response will dominate for longer times as Γ in-
creases. This is mainly due to growing structural order
as shown in the inset of Figure 1. Next we turn our at-
tention to the hydrodynamic (or zero frequency) shear
viscosity η which is an important dynamical property re-
sponsible for viscous dissipation in liquids.
FIG. 1. (color online). Normalized stress relaxation function
G(t) for a Yukawa liquid at various Γ. The dashed line shows
the location of 1/e falling time. It is clear from the figure
that the relaxation time increases with Γ for Γ > Γc(κ). Note
that the relaxation time (or e-folding time) increases with Γ.
[Inset: shows the growing hexagonal order in the liquid with
Γ.]
All liquids tend to gradually resist the deformation im-
posed by an external shear stress. A measure of this
resistance is the hydrodynamic shear viscosity η (bulk
viscosity in case of a compressive external force). For a
liquid at thermal equilibrium, this shear viscosity can be
obtained by the long time integral of the stress relaxation
function -a procedure well known as the Green-Kubo for-
mula [22].
η =
∫ ∞
0
G(t)dt (3)
In calculating η from Eq. (3), the upper limit of the
integral is set to the first zero crossing time of the ensem-
ble averaged shear relaxation function G(t). In Figure 2,
we have shown our data on the shear viscosity measure-
ment at three different values of κ. Our results for η are
both qualitatively and quantitatively similar to the ex-
isting report on 2D equilibrium simulations [14]. Next
we show our data on the G∞ calculation in Figure 3 at
various κ. It is interesting to see that unlike shear viscos-
ity, G∞ does not have a minimum at any temperature.
The contributions coming from both the ideal and excess
part of G∞ are shown in the inset of Figure 3. At high
temperatures (low Γ), kinetic effects are dominant and
the ideal part Gid∞ is the dominating term and becomes
a major contributor to the overall G∞. At low temper-
atures (high Γ) the excess term Gex∞ begins to dominate
and the ideal term becomes very small. It is interesting
to note that the excess part Gex∞ saturates as Γ increases.
3FIG. 2. (color online). Hydrodynamic viscosity (normalized
to η0 = a
2nmωpd) computed from Eq. (3) at various κ. The
minimum at Γ = Γc(κ) is due to the competition of the ideal
part and the excess part of the stress tensor and is well known
in the literature [12, 14].
FIG. 3. (color online). Infinite frequency shear modulus G∞
vs. Γ at various κ. Unlike viscosity which has a minimum,
G∞ does not have a minimum at any temperature. [Inset:
The total, ideal and excess contributions for the case κ = 0.6
only. It is clear that at low Γ, the entire contribution comes
from the ideal term whereas at high Γ, the excess term is
responsible for the entire G∞.]
In the following, we will show the effect of quantities ad-
dressed so far in the determining the Maxwell shear stress
relaxation time τM .
It is generally accepted that all liquids are visco-elastic
in nature meaning that their mechanical response to an
external force will be both viscous and elastic at the
same time. This can be explained through the concept of
the Maxwell relaxation time scale τM such that at times
t << τM , the response of the liquid will be dominantly
elastic (reversible) and at t >> τM the response will be
dominantly viscous (irreversible). At intermediate time
FIG. 4. (color online). Maxwell relaxation time τM as calcu-
lated from Eq. (4). The data shows a clear minimum around
a crossover Γc(κ) as previously shown in Ref [19]. We explain
this non-monotonous behavior by measuring independently
the relaxation times of the ideal and excess parts of the shear
stress auto-correlation function [See text and also Fig. 5 for
details].
scales, both elastic and viscous features will be compa-
rable. The ratio of the hydrodynamic shear viscosity η
to the infinite frequency shear modulus G∞ defines an
average shear relaxation time or the Maxwell time [23],
τM =
η
G∞
=
∫∞
0
G(t)dt
G∞
(4)
FIG. 5. (color online). The relaxation times of the stress
relaxation function G(t) along with its ideal Gid(t) and excess
parts Gex(t) for the case of κ = 0.6. It is interesting to note
that while the excess term τexM continues to rise all the way to
the freezing transition, the ideal part saturates to a constant
value around Γc(κ) indicating the onset of potential energy
influenced regime. [Inset: Data plotted on a log-linear axis.
A dashed exponential is drawn to aid the eye of the reader.]
4FIG. 6. (color online). Comparison of τLC with time scales
τM , τ
ex
M and τ
id
M for the cases (a) κ = 0.6, (b) κ = 1.0, (c) κ =
2.0. At Γ < Γc(κ), τ
ex
M becomes equal to the lifetime of atomic
connectivity τLC . At Γ > Γc(κ) these two time scales deviate
as the liquid enters a landscape dominated regime where the
interaction between local networks becomes significant and
leads to cancellation of long range elastic fields [20]
.
The normalized integral given above provides the dura-
tion of the auto-correlation and is hence a good measure
of the time duration of G(t). Figure 4 shows a plot of τM
vs. coupling strength Γ for three values of κ. Our data
shows the minimum in τM at Γ = Γc(κ) similar to the re-
sults reported in Ref [19]. This means that if one consid-
ers τM (the relaxation of the total stress auto-correlation)
as a measure of elastic response then it would imply that
elasticity will persist for longer times as the weakly cou-
pled limit or Γ→ 0 is approached. We thus propose that
τM would be an incorrect measure of elasticity in these
liquids as Γ→ 0. To seek for an appropriate measure of
elasticity we turn our attention to the components of the
total stress auto-correlation G(t) namely the ideal part
Gid(t) and the excess part Gex(t). There is a cross term
as well but its value is negligible at all values of (κ,Γ).
In figure 5 we show the relaxation times of the total to-
tal stress auto-correlation and its two components over
the range of Γ that spans from the very weakly coupled
fluid limit Γ = 0.25 to the highest Γ just below freez-
ing transition. As the liquid nears freezing (Γ → Γm),
τexM → τM and the shear relaxation is dominantly due
to the particle interactions. We find that the relaxation
time of the Gex(t) denoted here by τexM serves as a good
measure of elasticity as it goes to zero monotonically as
Γ→ 0. On the high Γ side, it rises exponentially with Γ
(see inset: Figure 5) as the liquid approaches the freez-
ing transition. On the other hand, as Γ → 0, relaxation
time of Gid(t) denoted here as τ idM becomes dominant and
is entirely responsible for the origin of τM . This means
that in the weakly coupled fluid limit, stress relaxation
is purely kinetic and has very little contribution coming
from particle interactions. It is very important to note
here that our assertion on τexM being the right indicator
for elasticity is not just based on the right asymptotic
behavior with Γ but also due to its convergence to the
lifetime of local atomic connectivity τLC as explained in
the following section.
In solids, phonons are weakly scattered (long lived) and
hence they are the microscopic origin for vibrations. In
liquids however, they exhibit highly marginalized behav-
ior as they are strongly scattered due to lack of any un-
derlying long range structural order. As a result phonons
cannot be used to explain the microscopic origins of vis-
cosity and the infinite frequency shear modulus. One is
thus led to the following fundamentally important ques-
tion: What is the microscopic origin for shear relaxation
in SCYL? To answer this question, we measure the life-
time of the local atomic connectivity τLC [20] in SCYL.
To calculate τLC one first assigns a set of bonds between
a central atom and its nearest neighbors at some refer-
ence time t0. The nearest neighbors here correspond to
atoms situated at a distance lesser than the location of
the first minima in the radial distribution function. Once
a reference state is assigned we track the change in lo-
cal atomic connectivity i.e. the central atoms losing or
gaining some neighbors. As the simulation proceeds the
average coordination number will reduce and τLC is ex-
tracted as the time duration (elapsed since t0) in which
the average coordination falls by 1. To improve statis-
tics, we averaged our data over several independent re-
alizations. In this sense, τLC is the average time during
which any atom will lose one neighbor. It was shown in
Ref [20] that above a certain crossover temperature, τLC
5converges to the Maxwell time τM and is thus the mi-
croscopic origin of shear relaxation in a range of liquids.
It should be noted that none of the liquids used in that
work showed a non-monotonic behavior in τM . In Figure
6 we show our data on τLC calculated at various values
(Γ, κ) and make the following interesting observation. At
Γ < Γc(κ), τLC → τexM making τLC the microscopic origin
of excess part of stress at these temperatures. Since τLC
corresponds to the time duration where the topology of
nearest neighbors remains intact it is also the duration
of the dominant elastic or “solid like” response. These
observations directly imply that the relevant shear re-
laxation time scale which quantifies the elastic response
in these liquids is τexM which becomes equal to τLC at
Γ < Γc(κ) and approaches the value of τM at Γ > Γc(κ).
The reader should also note that at Γ > Γc(k), τLC de-
viates from τexM directly indicating a crossover from a ki-
netic regime to potential energy dominated regime. This
is a regime where interaction between local networks be-
comes significant and leads to cancellation of long range
elastic fields [20].
Summary: We have calculated the infinite fre-
quency shear modulus G∞, Maxwell relaxation times
(τM , τ
id
Mandτ
ex
M ) and the lifetime of the local atomic con-
nectivity τLC of a 2D SCYL using accurate MD simu-
lations. The simulations were done under a canonical
ensemble and quality data is obtained by averaging the
runs over 3200 independent realizations. Our major find-
ing is the microscopic origin of shear relaxation in SCYL.
We find that the lifetime of topology of nearest neighbors
τLC is responsible for the relaxation of the excess part of
the shear stress relaxation τexM . We also provide a solution
to the riddle concerning the minimum in τM which ren-
ders it unsuitable to quantify the elastic properties of a
SCYL approaching the weakly coupled fluid limit Γ→ 0.
We resolve this issue by proposing that the correct object
that quantifies elastic response of such strongly coupled
liquids is the relaxation time of the excess part of the
shear stress auto-correlation τexM which goes to zero as
Γ → 0 and becomes exponential as the liquid nears the
freezing transition. Our assertion is backed by careful
measurements of the lifetime of the local atomic connec-
tivity τLC which clearly shows that τ
ex
M → τLC below the
crossover Γc(κ) directly indicating that τ
ex
M is the dura-
tion of dominant elastic response. The relaxation of the
ideal part of shear stress auto-correlation τid saturates
with Γ > Γc(κ) implying a crossover from the kinetic
regime to the potential energy regime. We also find that
the infinite frequency shear modulus G∞ does not have a
minimum at any temperature as opposed to the viscosity
data which has a well known minimum around Γc(κ).
We believe the present work is fundamentally impor-
tant as it provides the microscopic origin of shear relax-
ation time scales in a SCYL. The results presented here
may also apply to other models of visco-elastic liquids ex-
hibiting a non-monotonic behavior of Maxwell time with
temperature. It will be very interesting to extend the
present study to the binary super-cooled Yukawa liquids.
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